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1. Introduction

The possibility of constructing and solving by algebraic and/or analytical methods one-
dimensional interacting quantum spin chains, is one of the major achievements of quantum
integrable systems. It allows the determination of the spectrum, eigenvectors and (at
least partially) the calculation of correlation functions. The main tool is the quantum R-
matrix, obeying a cubic Yang-Baxter equation, the “coproduct” properties of which allow
the building of a periodic L-site transfer matrix with identical exchange relations and
the subsequent derivation of quantum commuting Hamiltonians [l]. A similar structure
arises for non-periodic (open) spin chains. These are characterised by a second object: the
reflection matrix K, obeying a quadratic consistency equation with the R matrix [J—[d].
Using again “coproduct-like” properties of this structure one constructs suitable transfer
matrices yielding (local) commuting spin chain Hamiltonians by combining K and semi-
tensor products of R [{].

Recently, a more algebraic approach to the analytical Bethe ansatz has been devel-
opped, allowing a ‘universal’ approach (i.e; whatever the spins on the chain) to the spectrum
of the transfer matrix, and the corresponding Bethe equations. This framework has been
developped for open and closed spin chains, based on gl(N) [[i] and U,(gly) [F] algebras.

On an other hand, quantum supersymmetric integrable systems appeared [ in the
context of N = 4 super-Yang-Mills (SYM) theories, in the loop expansion of the dilatation
operator, used for the computation of anomalous dimensions of trace operators. In fact,
it seems that (at least for the first loop corrections) that the dilatation operator can be
identified with some super-spin chain Hamiltonian, the type of the chain depending both
on the (sub)sector of the SYM theory one considers, and on the order of loop correction,
see e.g. [0

Hence, it is the right time to give a general overview of the possible integrable closed and
open super-spin chains that one can construct starting from a gl(M|N') superalgebra and
arbitrary spins on the chain. We will study the spectrum and Bethe equations associated
to these chains. Closed spin chains based on sl(M|N') superalgebras in the distinguished
diagram were studied in [[1]] and [[[Z] and, in the case of alternating fundamental-conjugate
representations of sl(M|N) in [[J]. In [I4], closed spin chains in the fundamental repre-
sentation but for any type of Dynkin diagram where studied using the Baxter QQ-operator,
and generalized in [[IJ to a chain where all the spins are in a (type 1) typical represen-
tation depending on a free parameter. General approach using Hirota equation was done
in [[g. Open spin chains based on sl(1|2) have been studied in details in e.g. [I7, [[§]. The
sU(M|N) case with spins in the fundamental representation, with diagonal K (u) matri-
ces, but for any type of Dynkin diagrams have been done in Rg]. The deformed case for
fundamental representations but general K (u) matrices have been studied in [[d]. We will
use the algebro-analytical framework developped in [, §, applied to superalgebras. It will
provide a ‘universal’ presentation for all chains (whatever the representations that enter
the chain), for closed and open cases. A particularity of superalgebras (that do not share



usual algebras) is the existence of different Dynkin diagrams for the same superalgebra.
This leads to different presentations of the spectrum of the same transfer matrix, hence to
different Bethe equations: the presentation is also universal in the sense that it applies for
all Dynkin diagramms of the superalgebra.

The plan of the paper is as follows. In section [, we present the algebraic structures that
are needed for the construction of super-spin chains: the super-Yangian based on gl(M|N)
for closed chains and the reflection superalgebra for open chains. Then, in section [, we
construct the closed spin chains, give their spectrum and their Bethe equations, in the case
of distinguished Dynkin diagram. Section [ is devoted to the general form of the Bethe
equations for each of the different Dynkin diagramms of the superalgebra. The case of open
super-spin chain is treated in section [, including the different presentations associated to
different Dynkin diagrams. Finally, section [ illustrates our method on examples.

2. Algebraic structures

2.1 Graded spaces
We will work on Zs-graded spaces CMW | with Zs-grade
(1: 4 Mot = {0.1) (2.1)
j = [J]

where Nygpn = {1,2,..., M+ N}. The elementary CMW vectors e; and End(CMW)
matrices Fj;; have grade

[es] = [i] and  [Ey] = [i] + [5]. (2.2)

The tensor product is graded accordingly:

(Eij @ Eg)(Eap ® Eeq) = (—1) TN (B By @ By E) . (2.3)
The permutation operator
MAN '
Py = Z (_1)[]}Eij ® Eji (24)
ij=1

is also graded
Pia(ei ®e;) = (=1Ll e;@e; and  Po(Ey ® Ep)Pry = (=1)E+UDARH) B @ Ef2.5)
The permutation operator obey the relation P2, =1 ® I, so that it is symmetric:

Py1 = Pig Pia Pra = Prp (2.6)

Together with the Zs-grading, we will use a graded commutator [.,.}, which is graded
antisymmetric and obeys a graded Jacobi identity.
Unless explicitly specified, we will work with the distinguished Zo-grade defined by

(2.7)

=0 1sisM,
)1, MH1<i<MH+N.



However, in some cases, we will use different grading, such as the symmetric Zo-grade,

defined for N’ = 2n:

, 0,1<i<n and M+n+1<i<M+N,
m:{ (2.8)

1,n+1<i<M+n.

The name of these grading refers to the gl(M|N') Dynkin diagram (and simple roots) they
are associated to, see below.
2.2 The gl(M|N) superalgebra
The Lie superalgebra gl(M|N) is a Zs-graded vector space over C spanned by the basis
{Ewpla,b=1,2,..., M + N}. The gradation is defined by the Zs-grade [ ] through:

[Eab] = [a] + [0]. (2.9)
The bilinear graded commutator associated to gl(M|N) is defined by:

[gaba gcd} = Ocb gad - (_1)([a]+[b})([6]+[d})5ad gcb . (210)

Gathering the generators &, into a single matrix

MA+N
E= Y (—1)1 &y Euy (2.11)

a,b=1

the above commutation relations can be recasted as
[El , Eg} — P (E2 - E1> (2.12)

where E; = E®I and Ey = I Q®Q E.

Although the gl(M|N) superalgebra is a graded version of the gl(M+N) algebra, they
differ on several points, a common feature when comparing Lie algebras and superalgebras,
see e.g. [R(Q] for more details. In particular, there exist several inequivalent simple roots
systems, leading to different presentations of the same superalgebra. One can relate these
different systems to a choice of the Zs-grade. To each inequivalent simple roots system
correspond a Dynkin diagram, so that a superalgebra possesses several Dynkin diagram.
Note however that any Dynkin diagram defines uniquely a superalgebra.

2.3 The super-Yangian Y(M|N)

Y(MIN) is the graded unital associative algebra, with generators Tég), n >0, ab =
M+ N, with Zo-grade

%) = [a] + B],  Va,bn. (2.13)

We gather Y(M|N') generators in matrix form with Tég) = Oap

MAN MAN
bz go T(" B = EO o T (n) — Z Top(0) Eqp (2.14)
a,b=1n n



which is an even element of Y(M|N)[u"!] ® End(CMWV). Here and below, the space
End(CMW) will be refered as the auxiliary space, while (the copies of) the super-Yangian
Y(MIN)[u~t] will be called the quantum space(s).

Y(M|N) commutation relations are given by the so-called FRT exchange relation [R1]]

ng(u — U) T1 (u) TQ (U) = TQ(U) T1 (u) ng(u — U) s (2.15)

each side of the equation being an element of Y(M|N)[u~!] @ End(CMVN) @ End(CMWV),
and where we have introduced the super-Yangian R-matrix!

Riz(u) = ulpgpn @ Ipmgn — RPo . (2.16)

It acts on the two auxiliary spaces associated to Ti(u) = T(u) ® Ipg4n and Th(u) =
Ipmen @ T'(w). The deformation parameter A is in fact irrelevant (provided it is not zero),
hence it is in general set to 1 for algebraic studies. However, in the context of spin chain
models, it is set to —i, so that we keep it free to encompass these two choices. Note that
the R-matrix is a globally even one. Its inverse reads

-1

xH@H—l—hPlg) = 7}%12(—1'). (217)

]:51_21 (1‘) = 22 _ 12

22 _ 12 (
Projecting the relation (R.15) on elementary matrices Fq, ® E.q, one gets

(_ 1)n(a,b,c) I

u—"v

Tab(u) aTcd(v)} = (ch(u) Tad(v) - ch(’U) Tad(u)> ) (218)

where n(a, b, c) = [a]([b] + [¢]) + [b][c] and [-, -} denotes the supercommutator.
Expanding the commutation relation in v~! and v~!, we obtain

min(m,n)—1
m n ab,c m4n—1— m4n—1—
{Téb)vTc(d)} = (—1yrebo { <Tc(§’) q{mn=iee) _ plmtn=i=p) ng)) . (2.19)
p=0

This commutation relation shows that the generators (—1)M Té;) span a gl(M|N) sub-
superalgebra of the super-Yangian. Conversely, one can construct a morphism from the

Lie superalgebra to the super-Yangian, called the evaluation map:
GIUMIN) = Y(MIN)
ev: { Tap(u) — +— dap + s (-1l &, (2.20)
T (u) — I+ Z E

Using the commutation relations (R.12) of gl(M|N), it is easy to show that ev(T(u)) obey

the relation (R.15).
Two subalgebras of Y(M|N) will be used in the following: the Yangian

Y(M), generated by {Tu(u),[a] =[] =0} and the Yangian Y_p(N'), generated by

!The normalization is chosen in such a way that R(u) is analytic in u.



{Tuwp(u),[a] = [b] = 1}. The generators of these subalgebras are obtained from T'(u) us-
ing suitable End((CMW) projectors:

TM () =Ty T(w) Iy with Tv= Y Ei,
i,[i]=1

T W) = v T(w) Iy with Iy= Y Ej.
i,[i]=0

The map
YMIN)[u™] = YMIN)[u™] @ YMIN)[u]
A MIN (2.21)
Tij(u) = A (T(u) = Z Tig(u) ® Tij(u)
k=1

is an homomorphism of Y(M|N). Gathering the generators into matrices, it rewrites
A(T(u)) = T(w)@T(u) € YMIN)[u™] @ YMIN)[u™!] @ End(CMN). (2.22)

A is coassociative:

AP = (APD gid) A = (ido APV A (2.23)

2.3.1 Highest weight vectors and modules
A Y(M|N) module V is said to be highest weight if there exists v € V such that

u)v = Ag(u)v U u'Clu™ ] Va=1,...
{Taa() Aa(w)v,  Aa(u) € T+u" Clu™ [ Va=1,.... M+ N (2.24)

Twp(u)v =0, 1<b<a<M+N

The vector A(u) = (A1(u), ..., Am4ar(w)) is the highest weight of V', and v a highest weight
vector. The following theorems have been proved in [RJ]

Theorem 1. Any finite-dimensional irreducible representation of Y(MIN) admits a
unique highest weight vector (up to normalization).

Theorem 2. An irreducible representation with highest weight A(u) is finite-dimensional
if and only if

Aa(u)  Py(u+h) . wnd Am)  Pm(u)
Aar1(w) — Pylu) t€asMIN and azM, Am+1(u) PM+N((75)275)

where all Py(u) are monic polynomials.

Among the finite-dimensional highest weight representations, there is a class of
particular interest, constructed from the evaluation map: an evaluation representation
€Uy, = T, © ev is a morphism from the super-Yangian Y (M|N) to a highest weight irre-
ducible representation m,, of gl(M|N). The morphism is given by:

4 h
evn, (Tij(u) = 83 + (D mu(€5) —— Vije{l,... .M+ N}, a€C, (226)



where the dependance (that will be left implicit in what follows) of ev,, on an arbitrary
complex shift of the spectral parameter has been introduced. One has

v, (T) = (1) 1,(E50) 5 evn, (T) =0 for r>1. (2.27)

i 7,
The highest weight p(u) = (u1(u), ..., pamsn(u)) of the representation evy, is given
by:
- h
pi(w) = 14 (=)l pi— Vi€ {1,..., M+ N} (2.28)
where pp = (@1, ..., fta4n7) is the highest weight of 7,,. The evaluation morphism associated

to the fundamental representation of gl(M|N'), with highest weight py = (1,0,...,0),
provides the R matrix (R.16).

Theorem 3. [23/ Any finite-dimensional irreducible representation of Y(M|N) can be
obtained through the tensor products® of such evaluation representations.

Let {evs, }i=1,...s be a set of evaluation representations. The tensor products of these s
representations evz = evy, @ ... evy, o A is a morphism from Y (M|N) to the tensor
product of gl(M|N) representations @ = ®;m; given by:

evz(Tw(w) = Y evn (Tuiy (0) @ evny (Thy1, () ® - @ evr, (Ti_p(w))  (2:29)

1150enyis—1

2.3.2 The generators T (u)

For the study of superspin chains, we will need also

MAN
T ) =T W) = > Thyu) Eup (2.30)
a,b=1
where the graded transposition is defined as
MAN o MAN o
At — Z (_1)[l][JH[J} Aji Eyj = Z (At)ij E;, thatis (At)ij — (_1)[l][JH[J} Aj; .
ij=1 ij=1

(2.31)
These generators have been introduced by Nazarov [R3], and it is easy to see that they
obey the same relations as T'(u):

Rio(u—v) T{ (u) Ty (v) = Ty (v) T (u) Rig(u — v). (2.32)
Thus, the map

p T(u) = T*(u) ie. @[Ty(w)] = Tju) = ()T ) (2.33)

2Note however that one has sometimes to make a quotient to get an irreducible representation from
these tensor products.



is an algebra isomorphism. The exchange relation between 7% (u) and T'(v) reads
Ry (v — ) T1 (u) T (v) = Ta(v) Ty (w) Ry (v — ), (2.34)
R%(v —u+h(M — N)) Ty (u) Ty (v) = Ty (v) Ty (u) R (v — u+ A(M — N)), (2.35)

where the superscript ¢; (resp. t2) denotes the transposition in the auxiliary space 1 (resp.
2). We have used the inversion formula

I
R (z) ™" = ) RE(AM —N) — ). (2.36)
One has also
. B (1)Kl ] ]M+N [ e .
(T2 () Tia ()} = T( . Y I T 0

MAN

1l Z Dbl )Tal(v)>. (2.37)

2.3.3 Liouville contraction and crossing symmetry
The starting point is the equality

M+N
R3(0)=hQu=hP3=h > (-1)HHUE; o B;. (2.38)
i,j=1
When M # N, Q12 is (up to normalization) a one-dimensional projector Q%, = (M —
N)Q12 of End(CM v )). Remark that it is not symmetric:

MHAN
Qa1 = P12 Q12 Pia = Pl} = Z (-UwﬂEz‘j ® Eij # Q12 = PJ3. (2.39)
ij=1
Then, from (R.3§), one proves that there exist a central element Z(u) of Y(M|N) such
that:

We refer to the original work [RJ] for more details.
Remark that this relation induces a crossing relation for the super-Yangian generators.
Indeed, starting from (R.4(), one gets

Q2 Ty (u+ A(M = N)) = Z(u) Qua T3 (u) ™ (2.41)

which, upon transposition in space 2 and multiplication by P;o, leads to

1 t\—1 t o 1 .
<(T ()" ) = g T+ RM = N)), (2.42)
or analogously
1

Thu) ™ = “u— (M = N))E. 2.43
0™ = gy e HM =) (243)



This relation is nothing but the crossing symmetry for the R-matrix, but extended at the
super-Yangian (abstract) level. It allows a crossing relation for the transfer matrix (see
below).

Note that this calculation is also valid for the ‘usual’ Yangian Y(N). In particular, for the
V(M) and Y_p(N) subalgebras of Y(M|N') one has

(Tff){) (u)t> T W) <T£f,‘{) (u+ h/\/)‘l)t , (2.44)
(TM0 @)™ = 20 (TA0 (u — ) )' (2.45)

for some scalar functions 2™ (u) and z(_j\,? (u). They are related to the quantum determi-

nant of (M) (see e.g. [24]) through:

qdet TWM) (y, — h)
qdet TOM) (u)

M (y) = (2.46)

We remind that the quantum determinent qdet T'(u) is the central element of (M) given
by

adet T(uw) = Y sgn(o) Tpay (u) -+ Toam(u — AM = 1)) (2.47)
oeSMm

= Z sgn (o) Tho(1y (v — AM = 1)) -+ Tagany () - (2.48)
g€SMm

Its value in the highest weight representation is computed through application of the above
formula on v*. For the Yangians Y(M) and Y_5(N) in Y(M|N), we get:

qdet T () = Ap(u— B(M — 1)) - Apq(u), (2.49)
adet Y (w) = AN (w + hNV = 1)) - A0 (w) (2.50)

where )\gN) (u) = At (u), 5 =1,...,N. It leads to the following expressions:

AM(w—hAM) - Ap(u — h)
A0 = A= D) Al 20
z(_/\,? (w) = qdet TEJ,\{) (u+h) )\(N (u+hN)-- )‘N )(u + h) (2.52)

N N ’
adet 7% () AN (w4 rW = 1)) -2 ()
The calculation of the function Z(u) needs the use of the quantum Berezinian, see sec-
tion P.3.3.

2.3.4 Relations for T !(u)

We will need the commutation relations for the inverse of T'(u), defined by the relation

MHN ,
T(u)T Y(u) =1 with T~ Z Euw. _5ab+z< ) T\

a,b=1 n>0

(2.53)



~1 so that expanding the above equality, one

n)

from the generators Téb

This relation is understood as a series in u

n)

/
can reconstruct the generators Tal() , according to

M+N n—1

T =15 -~ S S et (2.54)

c=1 p=1
From the relation (2.17), one deduces that
To(v) Ria(v — u) Ty H(u) = T (u) Ria(v — u) Ta(v), (2.55)

Ty ' (v) Ria(v — ) Ty (u) = Ti(u) Ria(v — u) Ty ' (v), (2.56)
Ria(v —u) Tl_l(u) Tz_l(v) Tz_l(v) Tl_l(u) Ris(v —u), (2.57)

which upon projection on E,,, ® Fj; leads to

B (—1)MAEY

S (B (SO0 T (0) T4 (1) = G T () Taa ()

a=1

[Th(w) Ta(v) } =

u—"v

Expanding in «~! and v~!, one gets

[T%H), () } 1)Kl Zp:MiN< 1) llml+m Mn]T]gZH)Té%M)_ 5nkT¥r(£*r)Téls+r)) ‘
r=0 a=1

(2.58)

Proposition 1. Let v+ be a highest weight vector of the super-Yangian. Then, v™ is also
a highest weight vector for T=(u):

T,;En) vt =0 for k>1,0<n ie Th(wovt=0 for k>I, (2.59)
T,;ggn) vt = )\;g(n) vt for 0<n de T (u)vt =N (u)v'. (2.60)

Proof. We make a recursion on n. Applying (B-54) for n = 1 on v™, it is easy to see

that (-59) and (P.6Q) are true for n = 1.
Suppose now that we have for a given s > 0 and some scalars )\k(n)

T,;En) vi =0 for k>1,0<n<s
T(n) :)\;ﬁ(n)vJr for 0<n<s, (2.61)

Applying (R.54) for n = s and k > [ on v*, one gets

I s—1
TIQES)UJFZ—ZZT/(SPT(I)U ZZ[ /(sp, }v+:
c=1 p=1 c=1 p=1
l
= Z a] sz |: ’(3 p—1) ’Tc(lp)} vt ’ (262)

a=1 c=1

,10,



where to get the last equality, we have used (R.5§). Iterating r times (with 2 <r < s — 1)
this calculation we are led to:

s—r—1

8) +_Al7" Z Bsr,pZ[ ,(S p=7) Tc(lp)} ’U+

where A;, and B, ,, are some resummation numbers. Taking r = s — 1 gives (59) for
n = s, which is thus proven for all n.
Finally, applying (2.54) for n = s and k = [ on v+, we have:

s—1
Tl::(kS) vt = _)\]&5) vt — Z )\;C(S*p))\lgp) vt +

+ k_l Sp < I(s—p— 1 ) )\/(s p— 1))\(1))) 4+
c:l =1
k—1 -2 k—1 k—1

SIS (S [ ) - S e e ) o
c:l p=1 a=1 a=1

Again, iterating as in eq. (.69), we see that only scalar terms acting on v+ will survive in
the r.h.s. This proves the property. ]

It remains to determine the expression of the eigenvalues ) (u). This is done in the
following proposition:

Proposition 2. Let ), (u) be the eigenvalue of Ty, (u) on v*, k= 1,..., M+ N. We
have

Ar(u)-Ag(uth(k—1)) 7
Z(u))\k+1(u+h(2Mfk))---)\M+N(u+h(MfNJrl)) k=M+1,.... M s

{ At (uAh)--Ap_1 (uth(k—1)) k=1,...,M
A (uARCM=K))- Apn (utHM=N)) (2.63)

Proof. In order to find the first M diagonal entries of 77! (u), we start writing

> Ty ()T () vt = dpv

J<k

and taking i,k < M we can write, in the distinguished grade,

Z (T(M)(u)) Tj_kl(u) v = vt ik <M.

i<k K

Considering this as an identity in Y(M|N)[u~!] @ End(CM), we can act on the left with
(TM)(w))~1, obtaining

Tk_jl(u) vt = (T(M)(u)>kj vt k,j=1,...,M. (2.64)

— 11 —



Let us stress that in (2.64), T,;jl (u) is the entry (k, j) of the inverse of the (M+N)x (M+N)
matrix T'(u), while (T(/\/t)(u))/,:j1 is the entry (k,7) of the inverse of the M x M matrix
TWM) (). In particular, we get the relation

T,;kl(u)v‘L:)\;ﬁ(M)(u)v‘L, k=1...,.M

where the )\;(M) (u) are the eigenvalues on v of (T(M)(u));kl. It has been shown in B3,
that these eigenvalues can be written as

AM (w4 B) - AM (w4 B(k — 1))
A ) - A (B — 1))

(2.65)

which leads to the first line of eq. (£.63).
For the last N diagonal entries of T!(u) we start writing in block form the relation
T (u) (Tt(u))_1 vt =T setting

tooN (T(M)(u))t F(u) toow-1 + [ A() O *
PO aw (@) ) ‘( *.mm>”'
We then read from the lower right block
N A
D(u) vt = <<T£ h)(u)> ) vt (2.66)

The Lh.s. of this equation is computed via eq. (R.4J) which implies, for k > M,

(D(u))kf,/\/l,kf,/\/l UJF = (Tt(u))];kl UJF = Z(u _ h(i\/l _N')) Tlék(u - h(M _N))U+ .

The 1.h.s. of the equation is computed via eq. (2.44). Comparing the left and right hand
sides leads to

No(w) = 29w+ M = N) Z) NV (u+BM) k= M+1,.. M+ N, (2.67)
where the )\;(N) (u) are the eigenvalues on v of diagonal elements of the T' ﬁ’}{) (u) matrix.
Applying eq. (R.6§) to the Y_p(N) subalgebra, we can write these eigenvalues as

AV @) AN (w =R - 1))

Inserting the value (R.52) of z(_A,? in eq. (R.67) we find the second line of eq. (R.63). [

In a finite dimensional irreducible representation, where relations (2.25) hold, we can
rewrite eq. (R.69) in the following form:

m=1  Pp,(u+hm)
Z(u) MAN=1 _ Pp(ut+h(2M—m)) _
AN (Ut R(M=N)) = P (ut RRM—m+1)) E=M+1,... M+ N.

1 k—1 Pp(uth(m+1)) —
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2.3.5 Quantum Berezinian
The quantum Berezinian was defined by Nazarov [2J]. It plays a similar role in the study of
the Yangian Y(M|N) as the quantum determinant does in the case of the Yangian Y(N).

Definition 1. The quantum Berezinian is the following power series with coefficients in

the Yangian Y(M|N):
Ber(u) = Z sgn(o) Ty (u+ A(M — N-=1))--- Tomym(u — RN)

ceSm

x> sen(T) Trg iy g (= BN) - Ty pan(w—h) . (2.68)
TESN

One can immediately recognize that
Ber(u) = qdet TW) (u + A(M — N — 1)) qdet TN (u — hN) . (2.69)

Proposition 3. B3/ The coefficients of the quantum Berezinian ([2.68) are central in
They are related to the Liowville contraction through the identity

Ber(u) Z(u) = Ber(u+ h). (2.70)

The quantum Berezinian being central, one computes its value in the highest weight
module by applying expression (R.6§) to the h.w. vector v*. We get

M+N
Ber(u HAlu—hN+h(l—1 T M@-rM+N-1+1)), (2.71)
=1 I=M+1

where the \j(u), | = M +1,...,M + N are given in eq. (R.63). Substitution of this
expression in the identity (R.70) yields the following expression for Z(u):

Z(u) = (2.72)

Beru—i—h ﬁ Ak (u + hk) MﬁN ((u+h(2M =1))
" Ber(u) Ak (u+ h(k )\lu—l—hQM—l—i-l))

Inserting now this expression into eq. (), one obtains:

+

Corollary 1. The eigenvalues of the diagonal elements of T~ (u) on vT are given by

TTE24 A (u + B
15— A (u + Aem—1)

m=1

N (u) = k=1,.... M+ N . (2.73)

where we set ¢, = Zf;l(—l)m, m=1,.... M+ N, and cg = 0.
Using expressions (R.71)) and (R.73), one gets the value of the quantum Berezinian:

M MAN 1

Ber(u Ae(u+ h(k —1))
=11 AL sevrem=y

(2.74)
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In what follows, we will also use a different expression for Ber(u), proved also in [R3]:

Ber™(u) = Z sgn(o) T5 1y (u+ (M = 1)) - TZ ppq () ¥ (2.75)
c€SM
X Z sen(7) Tarsr1) M1 (u+HRM=N)) - Ty men (ut+h(M—=1)) .
TESN

Applying to both factors of expression (R.69) for the quantum Berezinian the known
identity (holding in Yx(N))

qdet T(u)An = T (u — AN = 1)) -+ T (u)An, (2.76)

N

where A is the normalized antisymmetrizer in the tensor space End((CN )¥V | we can write

Ber(w) ApAn = T (w— hN) - T (w4 AM = N = )T\ (u+ 1) -
*(N
TN (w + WN) Ay An,
where we have set &/ = —h in the second quantum determinant. The Axs and Axr antisym-
metrizers are both one-dimensional projectors respectively acting on the tensor product of

M and N copies of the auxiliary space, and can be written in terms of the R matrices

defining Y(M) and Yy (N):

M
Apm=(Riz -+ Rim) - Rm—im Rij = jo Nwi —uj),  wi—uips = h,
NN
An= (B mrz - B men) - Bvenv—1man jo:Rz(j M (=) iy =

Writing now TW (v) = IM T (1) IM and T*NV) (u) = IV T*(4)IN) | and setting Mg =
(MM & ()Y we get
Ber(u)ApmAn = TypgnTm(u — N) -+ Ty (u 4 A(M = N — 1)) x
XTpgnr(u = h) - Thgp (w— AN) A Ay -

The same steps applied to eq. (R.75) lead to the following equation.

BerH(u)ApAn = DygnTh(u + h(M = 1)) -+ T (u) x
XTamn (u+ M = 1)) - Tagsr (w4 HM = N))ApAp
The above expressions can be considered as the graded counterparts of eq. (R.76): both
relations act on a number of copies of the auxiliary space equal to the dimension of the
Yangian and relate a (M + A)-fold tensor product of 7" matrices to a central element by
means of suitable one-dimensional projectors.

2.4 Reflection superalgebra

To study (soliton-preserving) open spin chains, we need to introduce another algebraic
structure, the reflection algebra. It is a subalgebra of the super-Yangian, and actually
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can be defined from any quantum group. Focusing on the super-Yangian, the reflection
superalgebra is a subalgebra of Y (M|N), built as follows. One starts to consider

B(u) = T(u) K (u) T~ (—u) (2.77)

where T'(u) generates the super-Yangian and K (u) is a matrix obeying the graded reflection
(boundary Yang-Baxter) equation

Ria(up —u2) Ki(u1) Roi(ug +u2) Ka(ug) = Ka(uz) Riz2(ui +u2) Ki(u1) Roy(ur — ua) .

(2.78)
Using the exchange relations (B.17), it is easy to deduce that B(u) also obeys the graded
reflection equation

ng(ul—ug) Bl (ul) R21 (Uq—i—Uz) BQ(UQ) = BQ(UQ) R12(U1+UQ) Bl (ul) Rzl(ul—UQ) s (2.79)

or, in components:

— (7/7 7k)
B(), B} = TV () Batw) — By (0) Bat))
B ' MAHN . MAHN
. ((—1)[]}53‘1@ > Bia(t) Ba(v) = (=1)"%7M5; ™ Bra(v) By (U))
M+J\?:1 MAN "~

h2
— 505 Y Bra(@Bu(v) = Y Bra(v)Bulw)). (2.80)
a=1 a=1

This relation shows that B(u) generates a subalgebra of the super-Yangian, called reflection
algebra and denoted *B.
Using the coproduct (.29), one then shows that

M+N
A (Bij(u) = Y (-0t DI T ()T, (1) @ Bl (u) .- (2.81)

I,m=1
This proves that the reflection algebra is a Hopf coideal of Y(MIN):
A(B) CYMIN)®B.

This will allow us to define monodromy matrices for open spin chains (see section @
below). In this context, the matrix K (u) will be related to the boundary condition of the
spin chain. Hence, the classification of K matrices is essential in the study of open spin
chains. As far as the super-Yangian is concerned, they have been classified in [Rg]. The
result is summarized in the following proposition

Proposition 4. Any invertible solution of the soliton preserving reflection equation ([2.7§)
takes the form K(u) = U (IE + %H) U~ where either

1. E is diagonal and E? =1 (diagonalizable solutions)

2. E is strictly triangular and E?2 = 0 (non-diagonalizable solutions)

,15,



The matriz U is an element of the group GL(M) x GL(N), independent of the spectral
parameter; £ is a free parameter, and the classification is done up to multiplication by a

function of the spectral parameter.

We will restrict to the case of diagonalizable solutions. The possible matrices E are then
labeled by two integers L1 and Lo, 0 < L1 < Ly < M + N, which count the number of —1
on the diagonal of [E:

E = diag (—1,...,—1,1,...,1,—1,...,—1) = diag (61, ..., Opm4N) -
e — e N ———
Ly Lo—L1  N4M-—L2
Let us stress that the diagonalization matrix U being constant, it is sufficient to consider
diagonal K (u) matrices: the other cases are recovered by a conjugation T'(u) — U~ T (u) U
on each site of the chain, which does not affect the reflection algebra, nor the transfer
matrix [P4]. The algebraic structure of 9B does depend on the choice for K(u). Indeed,
from the expansion

1 1
Bij(u) = ;635 + ((ei +0) T — 5%) + 50 (2.82)

we deduce that, when L1 < M < Ly, the Lie sub-superalgebra in 9B is gl(L1|M+N — Ly)®
gl(M — Li|Ly — M). Hence, the notation B should also contain the labels ', M, Ly, Lo:
we omit them for simplicity.

In the following, we will choose the normalisation of the resulting reflection matrix in
such a way that its entries are analytical:

K(u)=diag({ —u,....{ —uw,u+§,...,u+{{—u,....{—u). (2.83)

~~

L1 terms Lo—Literms

2.4.1 Highest weight representations of the reflection algebra

We construct highest weight representations of the reflection superalgebras based on those
of the super-Yangian. This construction will be used later on to build open spin chains.
However, a complete classification, similar to the one done in [2J] for reflection algebras
(based on the Yangian Y(N)), remains to be done.

Proposition 5. The vector v* is a highest weight vector for the representations of the
reflection algebra obtained from the representation ([2.24) of Y(M|N) with:

Br(u)vt =0, 1<I<kE<M+N, (2.84)

2u

By, LT —
k(1) v 2u—hey_q

k—1
gk (W) (w) N, (—u) v+—Zgj (u) aj(u)vt,1 <k < M+N,(2.85)
j=1

where ¢, = Z’;:l(—l)[a} and

(€ —u), if 1<k<I
gk(u) = (f—i—u — hCLl), if Ly <k<Lo, (2.86)
(f_u_h(clh_cLz))v if L2<k§M+N7

ap(u) = (-1)F n 2uly, ()N (—u)

(2u — heg)(2u — heg—1) (2.87)
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Proof. We start writing, for k > [,

l
Bu(u ZTk] = Kjj(u) [Tej(u), Tj(—u)} v* . (2.88)

J=1

From the commutation relations, we find for a <[ < k

l
[Tia() T ()} v = (<125 S Ty ) T () (2.80)
b=1

Considering the case a = [, we see that the Lh.s. of (R.89) vanishes, so that

Zka w) Ty (—u) vt = 0.

Hence the right hand side of eq. (B-8§) also vanishes, proving (R.84).
We now turn to the case | = k, i.e. to the eigenvalues of Byi(u) on vt. We start
defining

a

falu) = Top(—u) Tra(uw) vt and Ty ZTk w) T} (—u) v .

k=1

The supercommutation relations applied to these definitions imply

a—1
falu) = ﬁ (mxa(u)x;(—u) ot - h;—n“ﬂwu))

1 =1 (2.90)
Wo(u) = G — <2U)\a(u)>\fl(—u) vt - hZ(—l)[k}fk(u)> ;

- k=1
fora =1,..., M+ N. Since f1(u) = Uy(u) = A\ (u)N;(—u) v, the system (2:90) has a

unique solution f,(u) = ¥4(u), so we can rewrite the expression of f,(u) as

2u o
k:l

a—1
(1 _ ca_1> fa(u) = Ag(w) N, (— f DM £ (w) (2.91)

Eq. (R.91) is a triangular linear system in the unknowns f,(u) whose unique solution can
be written as:

Aj (W)X (— 0 (DU ()N, Aj (W)X ( =
= S 5 UM e MO S
1——cj 1 2u( 1—2ucl)(1——cl 1) 1-— 2u Cj—1 —
(2.92)
Using this expression it is now clear that for j < L; we can write:
2u(€ — u)\j(u) N (—u) i1
Bjj(u) v = (& —u) fi(u) = e —(E—u)Y ap(w) ) T
2u — hej_q —
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For L1 < j < Lo we have
Bjj(u)v™ = (& +u)fj(u _QUZ (u) Ty (= u) vt
= (& +u — hep,) f(u) + hz D (u (2.93)

where to get the last equality we have used supercommutation relations on Ty, (u) T} ;(—u).

Using now eq. (2.93), we get

L1 L
hZ(—l)[k}fk(u) = (2u — her,) Z ap(u) vt
k=1 k=1

Substituting the above equation in eq. (2.93), we get the required result.
An analogous calculation for the j > Lo case leads to (R.86). [

3. Closed super-spin chains

3.1 Monodromy and transfer matrices

One defines the (L sites) monodromy matrix 7 (u) as:
T(u) = AP (T(w) = T(u) @ T(u) @ ® T(u) €End(CMM) @ (PMIN)® . (3.1)

Applying an evaluation map on each term of this tensor product provides the ‘usual’
monodromy matrix: the different sites correspond to the terms in the tensor product,
and the evaluation map defines the ‘spin’ (the representation) carried by the site. Taking
different representations of the super-Yangian allows to construct various type of closed
super-spin chain models.

From the relation (R.19), it is easy to show that both the trace and the supertrace of
the monodromy matrix

MAN MAN A
tw)=tro T(u) = Y Ti(u) and st(u)=straT(u) = Y (DI T;w)  (32)
i=1 =1
generate commutative families of operators:
[t(u),t(v))]=0 and [st(u),st(v)] =0. (3.3)

Note however that t(u) and st(u) do not commute one with each other. Hence, they will
generate different families of commuting observables.
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3.2 Global invariance of transfer matrices

Taking the supertrace on the auxiliary space 1 in relation (), one is left with
(X ,st(u)] =0, VX € gl(M|N). (3.4)
On the other hand, taking the trace in (R.15) leads to

1 ] k
1 tw)] = (=DM = (=) Ty(w), (3.5)
which is obviously zero iff I and k are both even or odd indices:
[X,t(u)] =0, VX egl(M)adgl(N). (3.6)
Then, the transfer matrix st(u) enjoys the full gl(M|N) symmetry, while the transfer
matrix t(u) is only gl(M) & gl(N) invariant.
It is thus reasonable to think that the models associated to st(u) are more relevant
than the ones associated to t(u) for the construction of super-spin chain models. We will
nevertheless present the Bethe anstaz for both transfer matrices. Note however that the

construction of open spin chain models is possible for the supertrace only, emphazising the
difference between t(u) and st(u).

3.3 Pseudovacuum for transfer matrices

Starting from a Y (M|N) highest weight vector it is possible to construct an eigenvector
of the transfer matrix. If Vq,...,Vy, are highest weight modules for Y(M|N'), with highest
weight vectors v1, ..., vy, then the vector vt = v ® ... ® vy, is a highest weight vector for
the monodromy matrix, and thus an eigenvector of the transfer matrices:

Tiwot =0, 1<j<i<M+N, (3.7)

L
<H )\Ln} (u)) vt = A (u)ot. (3.8)
n=1

Eq. (B.9) allows to compute the eigenvalue of st(u):

T (u) vt

N N MAN M+N L
tw) vt = Row) v, with Ro(w) =D Mw) =S J] M), (3.9)
k=1 k=1 n=1
MA+N M+N L
st(w)v™ = Ag(u)vt, where Ag(w) = (~D)Fauw) = Y )P A (w). (3.10)
k=1 k=1 n=1

Using evaluation representations (R.26), evy, for 1 <n < L, with highest weight

i h i
M () = 14 ()=,

we easily get the highest weight of the representation:

L
o
evz (T (u)) vF = }_[1 (1 + <—1>[k1u_—%uL]> ot k=1,..., M+ N,
M+N L 5
evz (st(w) v = 3 (~DF ] (1 E M,L"]> .
k=1 n=1 n
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It is important for what follows to remark that the above relations imply that the entries
of the matrix (u — a,)T(u) in a evz representation are analytical. From now on, we will
use for the local and monodromy matrices the normalizations:

Tlin} (u) — (u— ayp) Tlin} (u), and 7 (u (u—an)T (u), (3.11)

||’:]h

that ensure analyticity of their entries. The transfer matrix will be accordingly normalized.
Notice that with the normalization (B.11) the highest weight in the ev,, representation
reads:

)\L"] (w) = u — ap + (=1 fL,u[n} and A (u (u —ap + (—1)M h,u[n}> . (3.12)

th

Nevertheless, let us stress the fact that the above calculation only relies on the existence
of a highest weight vector, and thus remains valid for infinite dimensional (highest weight)
representations. When the representations are finite dimensional, it is possible to rewrite
Ap(u) in terms of Drinfeld polynomials. Indeed, we will see that the BAEs depend on the
representation only through the Drinfeld polynomials.

3.4 Dressing hypothesis

Having determined the form of the pseudovacuum eigenvalue we assume now the following
form for the general transfer matrix eigenvalues:

MAHN
Z No(u) A1 (u) (3.13)
M+N

Aw) = Y7 (=D)FEN () Aga(w), (3.14)
k=1

where the so-called dressing functions A;(u) and gl(u), 1=0,..., M+ N —1 are to be
determined implementing a number of constraints upon the spectrum:

1. the R matrix and monodromy matrix being written in terms of rational functions of
the spectral parameter u, one assumes that A;(u), VI, are also rational functions;

2. analyticity requirements imposed on the spectrum lead to the assumption that A;(u)
(resp. A;(u)) has common poles with A;11(u) (resp. Aj11(u)) only;

3. the poles of the dressing functions will be assumed simple: the relation between A;(u)

and A;,1(u) poles is the simplest one which ensures the analyticity of the eigenvalues;

4. the asymptotic expansion of the transfer matrix will provide information about the
number of factors in the aforementioned rational functions;

5. the generalized fusion provides relations among the dressing functions.
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Requirements 1. and 2. fix the following form for the dressing functions:

M® _ 0) M+ " ﬁ(l—f—l)
J j
MN— 7 I —ad 0<i<M,
A = j=1 U= Uy 2 j=1 Uu; 5
(w) =9 30 N A B ﬁ(»lﬂ)
H 0] ; 1 H (l+1) v STMLI<MAN,
Ciu—uy —h (M=g) 5 u—u; ) —h (M=)

(3.15)
where M©) = MM+N) — 0 while the values of the integers M®, [ =1,..., M+N —1 are
to be determined by means of asymptotic expansion (point 4. above), as will be shown in
the next section; the shifts in the denominators have been introduced for later convenience.

(@ o

The next step consists in finding constraints to determine «; ¥ and B( ) in terms of u;

This is achieved by means of the generalized fusion procedure.

3.4.1 Values of the gl(M|N) Cartan generators

As we have seen in section B.Z, the generators of the finite-dimensional gl(M|N) super-
algebra commute with the transfer matrix. It is thus possible to relate the integers M®,
l=1,....,.M+ N — 1, appearing in the A(u) dressing to the eigenvalues of the Cartan
generators of gl(M|N'). This can be done in the following way.

Taking first the u — oo in the expression (B.14) for A(u) for an L sites chain, one gets

M+N
Aw) ~ uF(M = N) + ub! Z DR (A = MED 4 p®))

where we set \i(u) = u+ h)\,(:) +0 (%) On the other hand, the same expansion performed
on the transfer matrix st(u) leads to

e 1M+N L ]
st(u) ~ ul (M = N) + Z >,
n=1

where 3% E,[cn] =Sk (-1 T,Sﬁ) ") is the k-th diagonal generator of the global gl(M|N)
symmetry algebra of the chain. Starting then from a transfer matrix eigenvector with

eigenvalue (B.14), one can write

(=) = AW — a1 4 )|
where hy, is the eigenvalue of the diagonal generator 2521 El[cn}.
of gIMIN), s, = (—1)lI, — (—1)FHIg,, one gets

For the Cartan generators

SEU = <2M(k) — M*&=1) (Rt )\](61) Al(clJZI)

The above calculation shows that the values of the M *) integers are related to the conserved
charges of the global symmetry of the chain: one must then take care that simplifications
in the dressing functions resulting from the fusion procedure do not change their number
of factors. In other words each M*) should be kept independent from each other and only
relations between the other parameters appearing in the dressing are allowed, as we will
shown in the next section.
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3.4.2 Generalized fusion from quantum Berezinian

The relations (2.39), (£.34) and (£.3H), between T*(u) and T'(v) show that we can define
another transfer matrix st*(u) = strT*(u) which obeys

[st(u), st*(v)] =0 and [st*(u), st*(v)] =0 (3.16)

so that one can consider the dressing of st*(u) simultaneously with the one of st(v):

MAHN
A) = > ()FN ()AL (), (3.17)
k=1
where Tp (u) v = Af(u) vt and
MWD *(1) M+ «(141)
U u—f;
H *(1) : ) H #(I+1) ﬁ] 1y 0<l< M,
= a0 e e )

H# H *(H—i) I+1 MSZ<M+N
i u—uy ) =Ry o u—ug ) — b

Let An, A, Tpgn be the one-dimensional projectors defined in section which
act on auxiliary spaces 1,..., M + N and denote

TT" =Ty(u—hN) - Ti(u+ AWM —-N = 1) T35 n(u—h)- Ty (u—hN).
Then, from the following relation
TT" = Ber(u) ApmAnx + (1 = Tpn)T T ApmAN +TT (1 — AMAN), (3.18)
we deduce, by taking the supertrace in the spaces 1,..., M + N/, that

st(u— BN - st(u+h(M =N —1))st*(u— h) - - - st*(u — BN) = (=1)V Ber(u) + st%l)(u) ,

where stgl)(u) = stripan [(1 =T )TT*ApmAN + TT*(1 — ApAy)] is a so-called

fused transfer matrix. Then, acting with relation (B.1§) on any (st(u) and st*(u)) eigen-
vector v with eigenvalues A(u), A*(u), one obtains

A — FN) - Al + M = N — DA (u— F) - A*(u — BN =

M MHN
= (DN [ Awlw = BN = b+ 1) ] Nlu+BM +N =1+ 1) + AV (1), (3.19)
k=1 I=M+1

where A?l)(u) v = st%l)(u) v and we have used eq. (B.71)). Let us remark that this relation
shows that v is also an eigenvector of t%l) (u). Using the postulated expression (B.14) for the
eigenvalues and picking the term proportional to Hﬁil Ae(u—h(N —k+1)) Hl/\;lx/{:f_l N (u+
A(M+N —1+1)) in eq. (B-19), we deduce a first constraint between the dressing functions,

namely

Ao(u = EN) -~ Apgo1(u+ (M — N = 1) Alg(u — BN) -+ Ao e (u— ) = 1. (3.20)
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(k) *(k)

The simplest non-trivial choice of the ooy and ﬁj(k), B;(k) satisfying this constraint
is to set oz(k) §k) (k‘ +2), B(kH) = ugk“) h(k‘ —-1), vy, for k=0,... .M —1,
u;(M) = u§M — hM, and aj(k) = uj(k) + 3 (k +2), B e+ ;(kﬂ) + ;i(k - 1), Vj, for
k=M,... M+ N —1 in such a way that

(k) (k+1) 1 _
M u—u(»k)—th u—u(»k+)—hk

—

Ap(w) =[] I =l I 2 k=0,...,.M—1,
j=1 u—ug)—ﬁg j=1 u—ung)—h%
M*) *(k) k2 MK+ #(k-+1) i
u—u; —h%= —u, _ gkl
Aw) = ] . L 2 k=M,.... M+N -1,
o u—u® —nk G w— Y kg

and cancelations occur between dressing functions labeled by consecutive indices in expres-
sion (B.20). To fix the values of the a(k) and ﬁ](k) for k > M we start setting

T'T = Thy(u+ (M = 1)) - T} () Tiagn (u + HM = 1)) - Tagga (u + BM = N))
and supertracing in all auxiliary spaces the identity
T'T = Ber ' (w)AmAn + (1 = Ipn) T TAmAN + T'T(1 - ApAn) (3.21)
we get
st (uHi(M=1)) - -~ st* (u) st(urh(M-1)) - st(ut+ M —N)) = (~D)N Ber™ (u) + st (u),

where st” (u) = stri_an (1= My)T' T ApAy + T'T(1— ApgAy)]. Acting again
with the above equation on v, one obtains

A*(u+ BM — 1)) A*(w)A(w + BM — 1)) - Au + B(M — N)) =

M MA+N
= (V][ M@+ rM =0y [T N+ @M=D)+ AP @), (3.22)
=1 I=M++1

where A%Q) (u)v = t§2) (u) v and eq. (2.74) has been used. Picking up the term proportional
to A\ (u+h(M —1)) H{‘;‘L/\frl AN(u+h(2M —1)), we get a second constraint on the dressing
functions:

Af(u+h(M=1)) - Ay (W) Ap(u+ (M =1)) - Apgn—1(u+h(M—=N)) =1. (3.23)

To satisfy this second constraint we set 045- ) — u(k) + A(M — g - 1), 6](k+1) = u§k+1) +
(M — %) fork=M,.... M+ N —1, and aj(k) = uj(k) + A(M — g - 1), ﬁ;(kﬂ) =

u;(kﬂ) + (M — %) for k=0,...,M — 1, so that

M) (k) k+1) (k+1) k
u—u; —h(/\/l —h (M—E1)
Ag(u) = 1_[1 J h(M E H - Zk-i-l) h(/\/l_ki) M<E<MAN,
J= 2 J=1 U 2
T L e T V=
Aj(u) = - 5 2L 0<k<M.
=11 ey I e e

Again, it is seen that uj(M) = u§M) — hM.
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Remark 1. Relations ([3.24) and (3.23) also hold when the Aj(u), Af(u) functions are re-
placed with Al( ), A*( ), thus leading to the same form for the dressing functions appearing

in the eigenvalues ([3.13) and (5.13).

Remark 2. Using the ¢ integers introduced in proposition [, one can write a single ex-

pression for the dressing functions:

MO ) B (e + (=11 MERD Dk (cp — (= 1)1+

Ap(u) = H !

j=1 u— Ug-k) - ;—ick j=1 u— uﬁ»’”” - ’%am
apoy = [ 1 BOM = R A g - e - o)
k - - )
=1 u— uj(k) — oM —¢) o1 u— u](kH) BoM — cjpa)
k=1,....M+N—1,. (3.24)

3.5 Bethe equations of closed spin chains
We have seen in the previous section that A;(u) = gl(u), and that they have the form

() (I+1) 1 _
M u_u(l)_hH__QM U—u (l+) hl_l

_ k 2 2
Arfu) = kII1 w— (l)—h% kII1 u—u,(fﬂ) hl;l’ 0<i<M,
M® l M+D) I+1 _
Aw) = JTE ug —h (M=5-1) [] uzu b (M=) M<l<M+N
l l M g
i u—ull = (M=L) S u—uTY —h (M-

with the convention M©) = pM+N) —

In order to establish analyticity of all eigenvalues of A(u) and of K( ), one imposes
that the residues of A(u) and K( ) at u = u( ") +hgforl<j< M®™ 0 <n< M,and
atu—u(n)—i—h(./\/(—%) for 1§j§M(”,M <n<M+N —1, all vanish.

Introducing the function
u—hg

n i bl 3.25
en(u) = 2 (3.25)
the vanishing of these residues leads to the following (Bethe ansatz) equations:
M (n—1) M) M(n+1) (n) n
)} | B Rl
k=1 ki) Ant1(uj” +hyg)
1§]§M(),O<n</\/{ (3.26)
(n—1) (n) (nt1) n n
" (n) _ (n—=1) T (n) M () n+1) )\n(u‘g )+h(M—§))
H el(uj — Uy, )He_g(uj H 61 ) = ) NN
k=1 oy An1(u;” +A(M=3))
1§j§M(",M<n<M+J\/ (3.27)
MM=1) MM+1D) (M) M
M) (M=) M) My A (e R
k=1 k=1 Am(uy ™+ hag)
1<j<MM (3.28)
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where in the last equation the + sign (resp. — sign) corresponds to the A(u) BAE (resp.
A(u) BAE). One recognizes in the left-hand side of the BAEs the Cartan matrix of the
gl(M|N) superalgebra, while the right-hand side reflects the super-Yangian representa-
tion(s) spanned by the spin chain.

When the representations are finite dimensional, the right-hand side of these equations
can be re-expressed in terms of Drinfeld polynomials. For instance, for the first set of BAEs,

one gets

A, (0™ 4 p2 P, ('™ + ho L
( ](n) 2) _ ((i) 23 where P,(u) _ H Pi[n} (u), (3.29)
An1(uw” +hg)  Pa(uf” +ho51) o

pr (u) being the Drinfeld polynomials for each site.

(2

4. Bethe equations for arbitrary Dynkin diagrams

As already mentioned, up-to-now we have worked with the distinguished Dynkin diagram
and its associated gradation. However, several Dynkin diagrams can be used to describe
the same superalgebra, leading to inequivalent Dynkin diagram, and thus to different pre-
sentations of the Bethe equations. For each of the grading (i.e. for each inequivalent
Dynkin diagram), one can apply the above procedure to determine the form of the dress-
ing functions. This has been noticed in [PG] for open super-spin chains in the fundamental
representation of sl(M|N). We generalize it for arbitrary super-spin chains. The dressing
functions keep essentially the same structure, with the following rules.

The inequivalent Dynkin diagrams of the sl(M|N') superalgebras contain only bosonic
roots of same square length ("white dots”), normalized to 2, and isotropic fermionic roots
("grey dots”), which square to zero. A given diagram is completely characterized by the
p-uple of integers 0 < n; < ... < n, < M + N labelling the positions of the grey dots of
the diagram: where the total number of (grey and white) dots is M + N — 1. Formally,

N——— n1 N—— N9 np N——
n1—1 nzg—ni—1 MA+N—np—1
we define ng = 0 and n,y1 = M + N although there is actually no root at these positions.
Such a diagram defined by the p-uple (n;);=1.., corresponds to the superalgebra sl(M|N)

with
M= E n; — g n; and N = E n; — E n; . (4.1)
i odd i even i even i odd
i<p+1 i<p+1 i<p+1 i<p+1

Accordingly, the Zo-grading is defined by

1=

5 Code. (DU =(=DF, for np+1<j<np, 0<k<M+N.

(4.2)

/]
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For each of these gradings, one can compute a new value for the parameters

k
= (D E=1,... , M+N. (4.3)

J=1

Then, the dressing functions will keep the same form (B.24)), but with now the above value
for the parameters ¢;. Computing the residues for A(u) with these new dressing functions,
leads to the Bethe equations

MAN-1 M) ©
)\g(’w + 3 Cg)

(1 — (=) Wy, ap)) oo >(u§z) —u®y =
kI;II E 0,0 J )\“_1(”2(() + ng)

i=1,....,M® 1<l{<M+N-1. (4.4)

)

where (ay, ay) is the scalar product of the simple roots, numbered as they are ordered by
the chosen Dynkin diagram. This single set of equations describe all the Bethe equations,
whatever the gradation (the Dynkin diagram) is, and whatever the representations on
each site of the spin chain are. In the particular case of only (mixture of) fundamental
representation and/or its contragredient on all sites, we recover the isotropic limit (¢ — 1)
of the spectrum and BAE computed in [@] These equations are also equivalent to the
ones presented in [[L], the different gradations here being related to the different possible
paths (forms of the ‘hook’) in [L6].

Explicitely, in s{(M|N), denoting a; the simple roots, that we label according to their
position j = 1,..., M+N in the Dynkin diagram, their norm is given by (o, oj) = (-1)bl2
for the bosonic ‘white’ roots and by («j,a;) = 0 for the fermionic ‘grey’ roots. More-
over, the scalar products between different simple roots are all zero but for the sim-
ple roots which are linked in the Dynkin diagram. Linked roots have scalar product
(aj,aji1) = —(—=1)IF For more informations on the construction of simple roots and
Dynkin diagrams for superagebras, see e.g. 0.

It should be clear that, since the different presentations (i.e. Dynkin diagrams) describe
the same superalgebra and the same representations on the chain, the spectrum will be
identical, although the dressing functions and the BAE look different.

4.1 Bethe equations for the symmetric grading

In the case of sl(M]|2n), there exists a symmetric Dynkin diagram with two isotropic
fermionic simple roots in positions n and M + n:

N——— N——— N——
n—1 M-1 n—1
We give here the explicit expression for the dressing functions and Bethe Ansatz equations

for this diagram, thus taking ' = 2n, and ordering the indices as in eq. (R.§):

)

i 0,1<i<n and M+n+1<i<M+N,
1 =
I,n4+1<i<M+n.
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ie.
k, k<n,
k=3 N—-k, n<k<M+n, (4.5)
k—2M, M+n<k<M+N.

This choice of the grading implies that the elements of T (w) (resp. TV (u)) generate
now a Y_p(M) (resp. Vr(N)) bosonic subalgebra. As a consequence, the expressions for
the quantum Berezinian and its inverse are modified as follows:

Ber(u) = qdet TW) (u — (M — N +1)) qdet T*M) (4 — AM)

Ber~'(u) = qdet T"™) (u + h(N — 1)) qdet T™) (u — h(M — N)).

To determine its value on v we rewrite the quantum Berezinian for the symmetric Dynkin
diagram case as

Ber(u) = Y sgn (o)L (w— A(M =N + 1)) - Ty n(u — M = n)) x

oeSN
X Thrto(n+ 1), Mtnt1(w =AM = n+ 1)) T o), man (uw — AM) ¥

X Z sgn (T)T;+T(1),n+1(u —hM)--- T;+T(M),H+M(u —h),

TES M
obtaining:
n M+n M+N
Ber(u)vt = [[Mu—h(M=1+1)) T A (u=h(M=1+n+1)) [ M(u—h@M-1+1))v*
=1 l=n+1 I=M+n+1

In the same way we can compute the constant value of Ber~!(u) on the v module. Since

Berfl(u) = Z sgn (O‘)T:(l)71(u +AN —1))--- T:(n),n(u + hn) x
oe€SN

X

TK/I—I—U(n-l—l),M—f—n—f—l(u +h(n—1))-- TL+0(N),M+N(U) x

x Y sen (1) Tpr (i1 (=AM = N)) - Ty s (w+ AN = 1)),
TES M
we get
n M+n MA+N
BerM(u) ot =] A (wthWN=0) [ Mu—rN=1+n)) J[ N (utbM+N=D)v".
=1 l=n+1 I=M+n+1

The steps leading to the dressing functions (B.24) can now be repeated taking into account
the different form of the value of the quantum Berezinian: in particular, one can show that

the constraints (B.20) and (B.23) are to be replaced with:

Ap(w) -+ A (w4 h(n = 1)) A5 () - Ay (1 -+ BM — 1)) x

X Apn(u+0n) - Appn—1(u + h(N -1)=1, (4.6)
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and

A (u+ BN = 1)) -+ A% (u+ hn) Ap(u+ BN = 1)) -+ Apgoni(u + BN — M)) x

n—1

X Alon (4 i — 1)) - Alyopr g (u) = 1. (4.7)

Both these constraints are satisfied by the dressing functions (8.24). As a general rule, at
each fermionic root two dressing functions A and A* meet, and the u(k) parameters must

satisfy an additional relation® of the form uj(k) = u§k>

write the Bethe Ansatz equations for the symmetric Dynkin diagram, requiring the transfer

— hM. We are now in position to

matrix eigenvalue
M+N

A(u) = Z (=DM Ay (u) A ()

k=1

to have vanishing residues at u = ugl) + gcl forl=1,.... M+N —-landj=1,...,M",
The BAEs take the form:

M= 0 (1+1) 1
M z M z (l+1) )\l+1(u§) + %cz)
He O He —uy) He_ )= WO
k#j W(u;” +5a)
1§j§M(l), 1<l<n and M+n+1<l<M+N
M1 M(n+1) (n)
Ant1(u;” + n)
n n—1 n n+1 n+1\U
H e_l(u§- )—u,g )) H el(u§- )—u,(§+ ))— o )
k=1 k=1 An(uj" + &n)
MU=1) MO M+1) ) 1
Al 1(U~ + h(./\/l — —))
1-1) I 1 1 141 +
Hel(u§» —u,g He,g(ug)—u,&))nel(u§)—u§€+ )): (l]) l2 ,
k=1 ket k=1 Ai(u;” + (M = 3))
1<j<MY n<li<M+n
M(Min—1) M(MEnt1)

(M+n) | n
H el(u(M+n) MJr” 1 H e 1 (M+n u]gM+n+1)): )‘M+n+1(uj +5(n—M))
] Mtion (™ 4+ (n = M)

in agreement with eq. (f.4)).

5. Open super-spin chains

5.1 Open chains monodromy and transfer matrices

As in the closed chain case the supercommutation relations defining the reflection algebra

allow us to show that the transfer matrix

MAN

b(u) = str (K (u) = > (DMK (W) Bi(u). (5.1)
k=1

M) _

3In the distinguished Dynkin diagram case there is only one fermionic root, corresponding to the u;
(M)
U

;~ — hM relation obtained in the previous section.

,28,



generates a commutative family

provided the matrix Kt (u) obeys the ‘dual’ reflection equation:

Ria(—u+v) K{(w)" Ror(—u—v —h(M = N)) K (v)t =
K (v)! Ria(—u—v —h(M —N)) K (u)" Ro1(—u +v). (5.2)

The classification of such matrices is deduced from the proposition . Indeed, if K (u)
obeys the dual reflection equation (f.2), then Kt (—u — hp), with p = M — N, obeys
reflection equation (R.7d), so that KT (u) = U’ (E' + %H) U’ for some new parameters
U',E and ¢

We further assume that the matrix K (u) commute with the matrix K~ (v). Then, all
the KPm(u) matrices are diagonalizable by the same matrix U, independent of the spectral

parameter. Thus, one can assume that K (u) is also diagonal and analytic:

Kt(u) =diag (¢ —u,...,&¢ —u,u+&,...,u+&,6 —u,....& —u). (5.3)

Ly Ly—Lj

Again, upon representation, one constructs a monodromy matrix B(u) for the L sites
open chain. In order to get analytical entries for the transfer matrix, we adopt the nor-
malization (B.11)) for T'(u) and 7 (u), and define:

Bu) = (T(w) @ @T(uw)Ku) (T (-u)@-- T '(-u)) . (5.4)

N M+N

b(u) = str (KT (u) B(u)) = Y (~)MEKS (u) Bir(u) .- (5.5)
k=1

5.2 Symmetry of transfer matrices

As we did in section B.9 for the closed chain case, we now turn to determine the symmetry
of the model whose transfer matrix is given by (p.1]). Without any loss of generality we
assume in what follows that L; < M < Lo.

Proposition 6. We consider the transfer matriz b(u) describing open spin chain models
with boundary conditions given by K (u) and KT (u), see eq. (2.83) and (B.3), with Ly, L), <
M and Lo, Ly > M. Let

m; =min(L;, L) and 9M; = max(L;, L}), j=12.
Then, b(u) admits a gl(m M +N —ma) & G @ gl(M — MMy — M) symmetry, where

gl(My —my) © gl(My —my), if (my,my) = (L1, Lo) or (my, mg) = (L, L),

gl(My — my|My — ma) otherwise.
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Proof. Supertracing in the first auxiliary space the supercommutation relations (2.8(}), and

expanding them in u and v, one reads, from the v! order term
1
[b(w), By } = = Bij () (K () = K (w) (6 + 05).. (5.6)

Since BZ-(jl) =0 when 6; +6; = 0 (see eq. R.89), one deduces that a non-zero generator BZ-(jl)
commutes with b(u) if and only if K\ (u) = K;; (u), that is to say 0; = 7. The symmetry
(super)algebra is thus generated by the elements of gl(L1|M+N — L) ®gl(M—Ly|Ly— M)
obeying this relation: an enumeration of them ends the proof. |

5.3 Pseudovacuum for open chain transfer matrices

A direct computation, using the result of propositions | and ], shows that the highest

+

weight vector v™ is an eigenvector of Z(U)

R MAHN ‘
bu) vt = Y (=DUK (u) Bjj(u) v = Ag(u) v,
j=1
MAN ‘
Ao(u) = D (=1) g;(u) B(u) .

J=1

Here the functions gj(u), j = 1,..., M + N, depend only on the boundary matrix, while
the functions §j(u) are determined by the representations on the chain:
2u(2u — (M — N))

50 = oo ey () K5 w) (57)

Jj—1 M+N
Bj(u) = (H A (—u + hcm)> N | T Am(—u+ hem-1) | - (5.8)
m=1 m=j+1

In the above expressions the A\;(u)’s are again the products of the eigenvalues for each
site of the chain, as in (B.12).
5.4 Dressing functions for open chains
We assume that all the eigenvalues of b(u) can be written as

MAN

Aw) =Y (=)™ ge(u) Br(u) Ag1(u), (5.9)

k=1

with gx(u) and B (u) given by (5.7) and (B.§) respectively, and dressing functions Ay (u)
to be determined. The vanishing of the residues of A(u) at u = gck implies that

h h
Akfl(gck) :Ak(gck), for 1 SkSM—N—l
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Using expression (B.19) for the dressing functions one can show that the M*)’s are even
and that the simplest non-trivial way to satisfy the above constraint is to set

(k) k k
() = ]\ﬁ u— ug ) _ ;i (Chp1 + (—1)[’”1}) u—i—ug ) _ % (Chg1 + (— 1)[’““])
U= P _n, ") _n
j=1 i T 2%k Ut Uyt =5 Ck
(k+1) k+1 k+1
XMH —u =3 (o= O wr T — § (g - (1Y)
_ u§k+1) e u+u§k+1) e

for k=0,..., M+ N — 1, with the usual convention M = MWM+N) — (.

5.5 Bethe equations for the open chain

In order to establish analyticity of all eigenvalues , one imposes that the residues of A(u) at
u = ug) + ;—icl, for1<n< MW 0<1<M+N —1, all vanish. Using the definition ([8:23)
for the e, (u) function one has the following set of Bethe Ansatz equation:

M® M® MA+T)
H ea(ul) — U H e2(u l H H e—1( HT)) ey (ul) + u§l+7)) =
j#n =41 j=1

_ Bl + o) gl + by
By (u) + ) g (uld) + hey)

I=1<l<M,

M M+1) MM=1)
[T o™ e T s =™ e 0 =

B @ + M) g + o)

fr l _ M ’
Bt (™ + BM) guagr (S + Bepq)
MO MO A+
T e o T et o) TTTT sl 47
J#n T=%1 j=1
(@) 0
Bi(un’ + cz) g(uy’ + Be)) L Ml M .10

B (ul) + Ber) gre (un Ot C)

As in the closed case, the left hand side of the Bethe equations only depends on the choice of
the algebra, while the right hand side explicitly depends on the choice of the representation
(through the B;(u)’s functions, eq. (f.§)) and on the reflection matrix (through the g;(u)’s

functions, eq. (5.7)).
5.6 Bethe equations for other Dynkin diagrams

We turn now to the calculation of the spectrum and Bethe equations of open super-spin
chains for other Dynkin diagrams. The rules will be the same as the ones given for the
closed case (see section ). The functions g (u) have a form similar to (.7), with a change
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of increasing or decreasing behaviour of the poles each time a grey (fermionic) root is met,
due to the change in the definition of the Zs-grading, and thus in the parameters ¢, as

given in ([L.3).
The Bethe Ansatz equations read, for (=1,... M+ N —landi=1,...,M®

Cg) gl(u%) + %Cl)

Bz+1(ui hey) gl+1(u§ )+ )

MHAN -1 M*)
Bo(ul

l k ¢ &
« 1l .He<af’ak>(“§)_“§'))e<az,ak>(u§)+u§ ) =

where ¢, = (1 — (—=1)(ay, oy)), as in the closed spin chain case. As an example, we
specialize the above formulas to the symmetric Dynkin diagram case. The ¢ functions are

in this case:

RM=N)
w(u 4 BNy
gl(u) = — 2 ) '>N/2a (511)
<u+@>% %A;)
u(u + ==5=*)
gi(u) = (at nw—z+1))(2+ AT L=N2+L. MEN/2, (5.12)
() u(u + M) I= M+ N/24+1,... . M+ N. (513)
1 = — , = yeeny . .
(u + M2y (o M2

The Bethe equations, obtained by imposing analiticity of A(u) at points u = ug) + hey /2,
for1<k<M®andl=1,..., M+ N —1, are:

M® M® M+T)
H eQ(US) - H €2 uk +ul H H e_1(u,’ — ]HT)) e,l(ug) +u§l+7)) =
Jj#k =41 j=1
Biluy) + By gl<u53 +8ey)
= () D 2h , I<i<nand M4+n<Il<M+N, (5.14)
By (uy,” + 3 Cl) gi+1(uy” + 5¢1)
M(n—1) M(n+1)
j=1 j=1
_ Ol +8en) g + o) I=n (5.15)
Bl e ol Bl
M l M 1) M 47
H ¢ (u(l) _ u(l)) H ¢ (u(l) + u(l)) H H ¢ (u(l) _ u(l+T)) ¢ (u(l) + u(l+T)) _
—2\Uy, i —2\Ug 5 1\ J 1\ J B
J#k j=1 =41 j=1
l !
_ Al +5a) gl + e) n<l<M-+n (5.16)
ﬁz+1(u§f) B gz+1(U§€) - Cl)
MI=1) A+
H el (l) u‘l— )) ( ) +u(l 1) H - 1 l+1))e_1(ug) +u§l+1)) _
l
filug + cl) (v + 5) I=M+n (5.17)

ﬁl+1(uk c) gl+1(ué) + B¢))
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6. Examples

In this section we discuss the application of our approach to few examples. We will replace
the h parameter with the imaginary unit —¢, as it is customary in dealing with spin chains.

Let us stress that, although in all examples, the energies will look identical (up to
an irrelevant additive constant), the spectrum and Hamiltonians are indeed different. In
fact, the energies are functions of the Bethe roots, which obey different Bethe equations,

specified by the representations entering the spin chain.

6.1 Closed super-spin chain in the fundamental representation

Choosing for each site of the closed chain the fundamental representation, we get the usual

" — 5,1 for all

supersymmetric spin chains. In the fundamental representation, one has p,

sites n = 1,..., L, so that the eigenvalues (B.13) become:

L
Hu—an ) k=1,

() = ¢ "7l (6.1)
H u— ap) k#1.
Plugging these expressions in the Bethe equations of section B.J, we get
M(n—1) M (n+1)
ugn (" 2 H ¢ —uy, )) H e_l(u§n) — u](€n+1)) =
k=1 k#j k=1
L
H e1(u ) _ a—1), n=1
=4 ’ . 1<j<M™, (6.2)
1 , l<n<M
M(n=1) M) M(n+1)
H e1(u§‘n) - ul(en_l)) H 3—2(7‘5‘”) - ul(cn)) H el(u§n) - ulgn+1)) =1,
k=1 k#j k=1
1<j<M™,  M<n<M+N-1, (6.3)
MM-1) MM+
[T @™ =) I a@™ —u™™) =1, 1<5< M (64)
k=1 k=1

Since here Ty, (u) = Rgp(u), its value at u = 0 is proportional to the graded permuta-
tion operator between the a (auxiliary) and n (quantum) spaces. Thus, we can construct
a local Hamiltonian in the usual way. Choosing a, = 0 for all sites, we get

H=—1 dci(lnst

= an I with Py = Ppy. (6.5)

Here P,_1 5 is the graded permutation between sites n — 1 and n. In particular, in the
M =1, N = 2 case we recover the supersymmetric ¢ — J model, which corresponds to the
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Y(1|2) case [I§. The energies corresponding to the Hamiltonian (6.6) can be calculated
by taking the logarithmic derivative of A(u) and evaluating at v = 0, and are given by

where the Bethe parameters ug-n) are solution to the Bethe equations (6.2)—(p.4) with
an, =0, Vn.

A slightly generalized case is obtained taking a, = a # 0 for a particular site p, and
a, = 0 for n # p. This leads to the following Hamiltonian:

L
1 9 . .
H=- Z Pn—17n+a2—+1 (a*Pp-1 py1+PBpy1 p—iaPpi1 p 1Py p1+iaPy p1Bpi1 p-1) -
1

e
n#p,p+1

The energies get modified as follows:

for the where the Bethe parameters u§n) are solution to the Bethe equations (.2)-(6.4),
with now inhomogeneities a,, = o, a.

6.2 Closed spin chain with an impurity

Another case to which our formalism easily applies is the super-spin chain with one site
(the so-called impurity) in a representation different from the others. The easiest case is
again the spin chain where all sites are in the fundamental representation except for the
p'", associated to the highest weight ul[p ], i=1,..., M + N. The right hand sides of the

Bethe equations are modified as follows:

M _ i [p]

L-1us’ —%—9
M) n (e1(ugl) —i)) T : 'M[lp], n=1,
An(uj™ —i3) . . Ut =g T Uy (6.6)
Antr (g = 15) ii) - .“Fp} ) l<n<M,
u; iy — iy
An(ul™ — i (M — 2 W i (M=) gl
A (=i (M=) =i (M= 5) —ipgy
)\M+1(U§~M) — i) B ugM) i +zp[ﬂ+1 63
\ M _amy M) oM ’
m(u; %) u; iP5 — i,

where we set again a, = 0 for all sites. The transfer matrix and the Hamiltonian of the
L-sites spin chain with one impurity can be written as

st(u) = stra (Raa(u) - Rap1(w)Top(u)Raprr(u) - Ra,r(u)) , (6.9)
L
H = —1 ijrll,p(o) - prl p+1 Tpile(O) Tp+1,p(0) - Z b, n+l - (6-10)

n=1 ’ n;épfl,p
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It is worth noticing that all the quantum spaces n (but the p-th one) are isomorphic to the
auxiliary space a. Hence, T, ,(u), n # p, is defined in the same way T, ,(u) was introduced.
The spectrum of the Hamiltonian (f.10) is then given by:

M@

(L1 1
E=—(L-1)+ ﬂ1(0)+;(u§1))2—{— .

=

6.3 Closed alternating spin chains

In alternating spin chains, the spins along the chain belong alternatively to two different
representations. As a particular example, one can take an even number of sites L for the
chain, and let the spins in the even sites be in the fundamental representation, while the
spins in the odd sites are in a different one. The transfer matrix for such a chain will then
be given by

st(u) = strq (To1(w)Ra2(u) - Tor—1(u)Ra,r(u)) ,
here the auxiliary space a is M + N dimensional. One gets a local Hamiltonian
L2

. d _ .
H=—1 d_ (ZTL st(u)) = — jzl T2j1—2,2j—1(0){“1 + P2jf2,2jT2j72,2j71(0)} . (611)

u

u=0

Denoting by pj, j = 1,..., M + N the weights of the representation on odd sites, and
pi(u) = u —i(—1)V) 1 , one gets for the eigenvalues (B.19)

a() = 4 =D k=1,
R w2 pug (w) /2 I1<kE<M+N.

where we set a,, = 0 for all n. This leads to the spectrum
(1)
L / 3 1
E=-3 (1—i“1(8)> +Y
m©)) = @) + 4

6.3.1 Specialization to fundamental-adjoint alternating spin chain

[n] _

Choosing e.g. the adjoint representation for the odd sites, i.e. highest weights p; ' = d; 1 for

[n]

even n and p; - = 0;1 + 0; m4n for odd n, one gets the following form for the eigenvalues

(u—1i)" k=1,
Me(u) = { ul l<k<M+N,
(u+i)L/2uL/2, k=M+N,

The Bethe equations for 1 < n < M remain as in the fundamental representation case (@)
and ([.4), while the equations (f.3) for M <n < M + N — 1 are modified as follows:

M(n—=1) M) M)
I e ™) TT eat?” —of) TT el ) =
k=1 ktj 1

, M<n< M+4+N -1,

_ L2 6.12
(6_1(u(.n)—iM2_N))  n=M+N—1, (6.12)
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with 1 < j < M. In this case, the monodromy matrix T,j(u) can be obtained through

the usual fusion procedure [R§], starting with the fused R matrix:

Ro(pe) (w) = Py Rac(—u) Ry (w) Py (6.13)

where Pbt = Iy — QLPch is a projector of dimension M + N — 1. The tensor product of
the spaces b and c is then considered as a single quantum space, and 7,;(u) is obtained
from Ry through a suitable similarity transformation applied on both sides of .13,
yielding:

Ryj(u) = uly; +i(eq - €5),
Ta](u) = Haj — 1 (ea . (%) s

where e and & respectively denote the gl(M|N') generators in the fundamental and ad-
joint representations. The inner product - is defined, as usual, by means of the invariant,
nondegenerate bilinear form K% on gl(M|N), which is given as the supertrace on two

generators Kog = str (£,€3):
A-B= Z “HeB A, Ag
Fusion allows also a direct calculation of Taj(u)_l, so that one gets an explicit expres-

sion of the Hamiltonian (f.I1]). It involves nearest-neighbour and next-nearest-neighbour

interaction terms:

L)2
(2
H= Z H ,j+1 + Z H )1,J J41o (6.14)
j=1,j even j=1,j odd
where
1 1

Hy oy = —ej- € + % (ej &), p=(M=N)/2 (6.15)

2 1
HP, o= o (ej1-&) {20+ (ej1-E)} (ej-1-€j31) (61 &) - (6.16)

2p

The spectrum of the Hamiltonian (p.14)) reads:

6.4 The open alternating spin chain

We define the transfer matrix for a 2L-site open alternating chain as:
() = stra(KF(u) Tot (u)Ra2(w) -+ Toor 1 () Raor (u) K (1) %
X Ry (~u) T3y (~u) -+ Rod(—u)T; } (~u))

Here the matrices acting on the even sites are in the fundamental representation, coinciding
again with R(u), and the ones for the non-fundamental are denoted with 7'(u) and act on
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the odd sites of the chain. A local Hamiltonian can be obtained by taking the derivative
of b(u):
1 d
C£¢p du
where we remind p = M — N while £ and £ characterize the boundary matrices K (u) and
K7 (u) respectively as in (2.83), (6.3). One shows that

b(u)

)

u=0

1 1
H = 2Ky(0) + g stra <7;u(“)>

2 . -
+ ; St?aa {(ZH + Ta,l(O)PGQ) Ta711(0)}
u=0

l
+2 Z (il + Tor—2,25-1(0) Par—2,2k) Ty 5 951 (0) -
k=2
We will suppose that the gradation is such that ¢, # 0 for m > 0. In the case of

distinguished gradation, this amounts to choose M > N. Then, the energy spectrum is
given by:

MAHN -1 MAN o M
FE = ﬁL(l—i—Z——zZ m( ) _—

ml'um ]:1 4
£+¢

33

where 5 = (31(0). For the distinguished Dynkin diagram, and choosing the adjoint represen-
tation for the odd sites, the Bethe equations read, for 1 < n < MO with1l <1< M+N—1:

ogl=P 6.17
+20 P (6.17)

+i 8

M

Hm 5 +u(1 He 1( ))e 1(()—|—u(2))
L i
= — (e = i) es(ull) + z')) () Q1 <ugg> -3).
M® M+T)
H e (l) (l) l H H e 1 (l) (l+T))e_ (u ()+u(l+T))
=21 j=1
= —er(ul) Ql<ug)—%>, 1<li<M,
MM+1) MM=1)
H e (uM) — ]M+1))21(u,(1M) +u§M+1)) H e_1 (uWM) _u§M71))271(u7(1M)+u§M71)):
—Om <U<M> _ m>
n 2 )
MO MAFT)
H e_a ne )e 2 uk l H H e1(u Z+T))e (ul(g) —i—u(H_T))
=21 j=1

= —e_ 1(ul)Ql< —%(2./\/1—1)), MIL<M+N-1,
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M® M+T)

H 372(“1(;) _ u§l)) e72(%(?1) + u§171)) H H el(ug) _ u§l+7)) el(ug) n u§l+7)) _
j=1 j

L 1
= (el = ip)er(ud +19) ) Qs () —i (o= 3) ).
I=M+N-1.
In the above equations, we set

_ Ki(u) K" (u)
Ky (u) Kl—:l(u) ’

Qu(u)
according to the chosen boundary matrices.
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